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Introduction

The zero divisor graph of a commutative ring wastfintroduced by Beck in 19 [4], and further
studied in [2, 3, 9, 10]. Thannihilating ideal graph AG(R) is a graph with esrset AG*(R)=AG(R\{(0)}
such that there is an edge weén vertices | and J if and onlyl ] = (0). The idea of annihilating ide
graph was introduced by Behboodi and Rake¢5,6]. In [1], the notion of the element ideal graph ¢
commutative ring R have been introdur represented by, (R), as a graplvhose vertex set is the set
nondrivial ideals of R and two ideal vertices | andr& adjacent if and only ifelJ. And the relationship
between any two of the zero divisor graph, the kitating ideal graph and the element ideal grapie
been illustrated. From now on:
1. We denote the edge of termisdland by {I,]}.
2. We denotéThe set of integers by Z and we consia, € Z7.
3. We consider p and g &so distinct prime numbel

1. Preliminaries

The aim of this section is to give some definitiamsl theoremwhich may be used in the seq
Definition 1.1[1]:
Let R be acommutative ring with identity and leeR. The element ideal graph is a graph whose vest
consists of nortrivial ideals of R, for which two of its distinadeal vertices | and J are adjacent if and «
if xelJ. We denote the element ideal grapliT, (R).
Definitions 1.2[8]:
1. The degree of a vertex v in the graph G is thabrer of edges in G incident witr
2. A graph G is connected if between every twdfertices u and v, there is e-path.

183



JZS (2016) 18-3 (Part-A)

3. For a connected graph G, the distance d(u, wydmss two vertices u and v of G is the minimumlad t
lengths of the u-v paths of G.
4. The diameter of the connected graph G is thdimanr distance between any two distinct vertice§in
5. The girth of the graph G is the length of thersst cycle in the graph G that contains a cycle.
6. A complete graph G of order n, denoted hyi&graph in which every two of its vertices adgaent.
7. A bipartite graph is one whose vertex set isifi@med into two disjoint subsets in such a wagttthe two
end vertices for each edge lie in distinct pantitibhe complete bipartite graph with exactly twetitians of
size m and n is denoted by, K A graph G is said to be star if G 3 K
8. A tree is a connected graph which does not goatay cycle.
9. A maximal complete subgraphif a graph G is called a clique, and cl(G) is thque number of G,
which is the greatest integer 1 such that KEG.
10. A graph G is called a planar graph if it cardbewn on a plane in such a way that any two oédlges
either meet only at their end vertices or do no¢tnae all.
11. A graph @Vi, E) is said to be isomorphic to the graph(\&, E,) if there is a one-to-one
correspondence between the vertex setand \4, and a one-to-one correspondence between the etigg s
and E in such a way that if;ds an edge with end verticesand Vv in G,, then the corresponding edgere
G, has its end vertices and y which corresponds to,@nd \ respectively. Such a pair of correspondence
is called a graph isomorphism.
12. A subdivisionof a graph G is a graph obtainesnf G by removing some edge e=uvand adding new
vertex w and edges uw and vw.
13. A graph H is defined to be homeomorphic fronif @ither H isomorphic to G or H isomorphic to a
subdivision of G.
Theorem 1.3[8]:(Kuratowsky Theorem)

A graph G is planar if it does not contain a gtégpph homeomorphic to a subdivision gf ¢t K, 5.
Corollary 1.4[1]:If n>1 is a composite number, tHgfZ) is a finite connected graph with diameter less
than or equal to 3, and the girth (if exists) eisd than or equal to 4.

2. The Element Ideal Graph I «qs(Z)
The main purpose of this section is to expkwme properties and characterizations of the elerdeal
grapthaqp(Z).

Before starting with the results of this sectiwe give the following example:

Examplel: (10) 4)
The graphl,y(Z) is:

(20)
(8)

(2) (5)
Figure-1: The graph,,(Z)

We start this section with the following Lemma.
Lemma2.1:
The vertex set & s (Z) is V([,a,s(2)={(X):x|p*¢PB 0<x# p®qF}.
Proof:
Let | be an ideal vertex dLan(Z). Then there exists >@Z\{1} with x #y such that I=(x) an@%q” €l(y).

This yields thap®qf=rxy for some €Z.Thusxp®q?.Since p and q are distinct primes thepg where i

184



JZS (2016) 18-3 (Part-A)

and j are positive integers witl ieand;j < f.. If we assume thatxp®q¥?, thenp®qf=rp®qPy. This yields
that 1=ng(y). This contradicts the fact that (y) is a nomi#l ideal of Z. Therefore % p®q#. Hence the
vertex set dt « ¢ (Z) is V(Tyaqs (2)={():X|p*qP B 0<x# p®qF}. o

The graph‘paqp(Z) contains a complete bipartite subgraph with padrdera andg as the following
result shows.
Proposition2.2:
The grapi«,s(Z) contains a subgraph isomorphic tg K
Proof:
Define the Graph G by G={{(p (d)} €E(T,e ¢ (2)): i=1, 2,...,@ and j=1, 2,... 8}. Sincep®qf €(p)(d) for
every i=1, 2,...a and j=1, 2,... 8, then every element of the set={(p), (p), ...,(p?) } is adjacent to every
element of the set 2{(q), (¢, ...,(cf)}. On the other hand, no elements in & V, are adjacent, since
neitherp®q? €(p)(p) nor p%q” €(d)(d) for every i=1, 2,...@ and j=1, 2,...,8. Thus the graph G is a
complete bipartite subgraph DJaqp(Z) with partite \\ and \. It is clear from the following figure that G is
isomorphic to K g.

() @
»?) @)
@) o
) @

Figure-2: The graph G
m]
In the next result, we find the degree of theai vertex (p) of ¢, s(Z).

Proposition2.3:
In the graprfpaqg(Z), deg((p)E a + af — 2 and deg((q)} £ + af — 2, wherea, § > 1.
Proof:
Let (p°q") be an ideal vertex adjacent to (p)Iifk,s(Z).Then p%qP € (P)(P°q"). It follows that there
exists keZ* such thap®qf = kps*1q". Thusps*1q"|p*qf. This is true when either (s=2, 3 .a+1 and
r=0) or (s=0, 1, 2, ...@—1 and r=1, 2, ...3) except for possibilities (s, r)=(0, 0) or (s, r)=(a, 8). Thus
the total number of ideal vertices adjacent toigpyleg((p))¥a—2)+afi= a + aff — 2. Similarly, we can
prove that deg((gp B + aff — 2.0
Example2:
Consider the graphy, (2). Clearly, 72=2.3% p=2, qg=3a=3 andf=2.

Thus deg((p))=3+2—2=4.
(6)

(12)

Figure-1: The grapiv,,(2)
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In the next result, we find the order of the grﬁp&hg (D).
Proposition2.4:
Let a,B € Z*The order of the grad},aq,;(Z) isequaltoaf +a+p —1.
Proof: We give four cases far andp:
Casel: If a=p=1, then the vertex set Bf«,5(Z) contains the only ideal vertices (p) and () His tase the
order of the grapﬁpaqg(Z) is equal toaff + a + f — 1=2.
Case2: Suppose thatither a= 1<f or § = 1<a. Leta= 1 < 8. Then by Lemma2,1all ideal vertices of
[,.t(2) are (p), (pa), (FY, ..., (pF™) and (q), (@, ..., (cf). Thus the order of the graphe 4 (Z) is equal
to2B = af + a + f — 1. Similarly, if B = 1<ea, then the order dTpan(Z) is equal t®a.
Case3: Let a, f>1 and let s and rbe two integers such thas<x and G<r< B. It is obvious from
Lemma3.1 that (o) is an ideal vertex drpan(Z) for every s=0, 1, 2, ..qg and r=0, 1, 2, ...3, except for
possibility that (s, =, 0) or (s, r)=(). Thus the order of the grapﬁpaqﬁ(Z) is equal to
(a+1)(B+1)—2=af+a+p—1.O0
Example3:
Consider the graph ;5(Z)=Tsz.,(Z). We havexr=2 andf=1.

(5) (7)

(35) (25)

Figure-4: The graph;,,s(Z)

Clearly, the order of;,5(Z) is equal taxff + a + f — 1 = 4.

The next result demonstrates the incompleteokthe graplfpaqﬁ (Z) under a certain condition.

Theorem2.5:

If G is a complete graph of order greater thath@n G cannot be realized as an element ideal gratte
form [ya 6 (Z).

Proof:

Suppose that G is a complete graph of order grédsea 2 and Glipaqp(Z) for somedistinct prime numbers
p and q, anda,f€Z’. Clearly, at least one oft and g is greater than 1.Suppose tmafl. Since
p®qf € () (@) N (p*)(9), then p) and p*) are ideal vertices i« 5 (Z). Butp®q? & (p)(p®), so ) and
(p%*) are not adjacent iF},an(Z). This contradicts the fact that G is a completgpgr Therefore G can not
be realized as an element ideal graph of the lgu‘gy; (Z).o

In [1], the diameter of the element ideal ¢gréjas been proved that less than or equal to 3fdlllogving
resultshows that the diameteré},fq,;(Z) is equal to 3.
Theorem?2.6:
If @,FEZ" such that the order of the graryaqﬁ (Z) is greater than 2, then the diameteﬂ;&gﬁ (Z) is equal
to 3.
Proof: Since the order of the gram;uq,;(Z) is greater than 2, then at least one @ndp is greater than

one. Suppose that >1. If a=1, then R(pdf-t), (q), (p), (4) is the shortest path betweenApgand (¢) in
[y s (Z) of length 3. Thus diarfif« s (Z))=3. It follows from Corollary1.4 that diam s (2))=3.
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a>1, then R(p~'c), (p), (), (peF™) is the shortest path between {g¥) and (pf™) in T« 5(Z) of length

3. It follows from Corollaryl.4 that diam[(aqg(Z)):& By the same way we can prove that
diam(C,e,s(2))=3, if a>1 andp=10

Examples: 4)

Consider the graphys ;(Z). (3)

(6) (8)

(12)
(2)

Figure-5: The graph,s.;(Z)
Obviously, the diameter &%s.5(Z) is equal to 3.
Remark2.7:
If a=p=1, then the graph,«.¢(Z) consists of the only edge {(p), (o)}, $g«,¢(Z) is a complete graph and
its diameter is equal tb.

The next result determines the planarity efdraphl’ « ¢ (Z)under a condition of andp.

Theorem2.8:
Leta, BEZ" with a<p. Then the graph, e s(Z) is planar ifa+p<6, otherwis€,« s (Z) is non-planar.

Proof:
Let a+p<6. If a=1, thenp<4. The graphi,:,+(Z) is:

@
o SN

(»)

(ra®)

@

Figure-6: The graph,1,+(Z)

It is clear from Figure-6 thdt,:,+(Z) is planar. Since the grapiig: 1(Z), [,142(Z) andTl,1,3(Z) are
subgraphs of,)1,4(Z), then the graphfplqg (Z)is aplanar graph for evep<4.
If =2, thene{2, 3}. The grapty,z,:(Z) is:  (¢?)

(ra®)

Figure-7: The graphz,3(Z)
It is obvious from Figure-7 thgg s (Z) is planar graph. Since the grafa,z(Z)is a subgraphaf,z s (Z),
thenl2,2(Z) is also planar.
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Suppose that+>6. We have three cases tar
Casel: If a=1, thenp>4. Thus the grapﬁplqp(Z) contains complete bipartite graph Kof partite sets

{(p), (pa), (pd)} and {(q), (cf), (c)}-
Case2: If a=2, thenp>3. Thus the grapﬁpqu(Z) contains complete bipartite graph Kof partite sets

{(p), (P*), (Pa)} and {(a), (d), (a)}-
Case3: If =3, thenp>3. Thus the grapﬁpaqﬁ(Z) contains complete bipartite graph Kof partite sets

{(). (p°), (M)} and {(), (), (@)}

The above three cases and the Koratowsky Theginaza that the graprﬁpaqﬁ (Z) is non-planao

3. The Clique number of Iyaq6(Z)
This section is devoted to find the clique emand the girth of the gra;ﬁpaqg (Z).
Theorem3.1:
£y 1, if Biseven
The cligue number of the graﬁpqﬁ(Z) is cI(l“pq;;(Z))z{ﬁz+1 - :
— t 1 ifPBisodd
Proof:
Suppose thap is an even number. Then any two of ideal vertighs @), (), ...,(qg) are adjacent in
qu,;(Z) whose number i§+ 1. Thusl“pqg(Z) contains a complete subgraph G of vertices@), (F).
...,(qg). To show that G is a maximal complete subgrapl‘bgl),f(Z), let | be an ideal vertex adjacent to all

B
vertices (p), §), (@), ....(g2). Since | is adjacent to (p), then p is not a ficient of the generator of I. Thus
B B
I=(g®) for some &Z". Since I1=(q) is adjacent toq), then pd €(q”)((g2)).This implies that s g On other
B
side I1=(d) is different from every ideal verticeg)( (¢f), ...,(q2). Thus S%Which is impossible. Therefore

G is a maximal complete subgraphrggg(Z) of orderg + 1. Hence Clrpqﬁ (Z))=§ + 1. By the same way

we can prove that cﬂl(qg (Z))=% + 1, if B is an odd numben
Theorem3.2:

Let a, BEZ*. Then the grapﬁpaqg (Z) is a tree if and only éf + 3<4.
Proof:

Suppose that + 3<4. Then wehave three casesdoandf:

Casel: If a=p=1, then the graph,« s (Z) consists of the only edge {(p).(q)}. In this cd3e s (Z) is a tree.
Case2: If a=1 andp=2, then the graph,«,s(Z) consists of a path,®q?), (p), (@), (pg). In this case the
grapthaqp(Z) is a tree.

Case3: If a=2 andB=1, then by the same conceRjs s (Z) will be a tree.

Converselyjfwe assume that+ g > 4, then either>1 or f>1. If a>1, then G:(p), (pq), (q), (p) is a
cycle inLa p(2). If p>1, then G(q), (pa), (p), (q) is a cycle il «,z(Z). In both subcases the graph
[hags(Z) is not treen
Corollary3.3:

. . o, ifa+f <4,
The girth of the graph, « s (Z) is g(l“paqp(Z))={3 , iffa + g >4

Proof:
If « + B < 4, then by Theorem3.2 the graﬂpqg(Z) does not contain any cycle. Thus the grg.hqg(Z)of

is equal towo. If @ + 8 = 4, then by Theorem3.2 the granpqg (Z) contains a cycle of length three.
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Thus the girth of’ )« £(Z) is equal t&.0

Exampleb:
In the grapig;5(Z)=T};.5¢(Z), we havex=1, f=2n=4. Thus n=2. (52)

) (11-5%)

(11) (53

)

.c3
Figure-8: The grahg,<(Z) (-5

Clearly, cl(4g75(Z))=2+1=3.
Sincea + B =5 = 4, then glg75(Z))=3.
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